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Abstract. Reconfigurable Intelligent Surfaces (RISs)
have emerged as a promising solution for future wire-
less communication systems due to their ability to re-
configure the radio propagation environment in a cost
and energy efficient manner. This study focuses on the
performance of RIS assisted wireless systems where the
receiver is equipped with multiple antennas and employs
receive diversity techniques, specifically Maximal Ra-
tio Combining (MRC), over Rayleigh fading channels.
We derive new closed form expressions for the outage
probability (OP) by modeling the signal to noise ratio
(SNR) as a Gamma distributed random variable. To
validate the analytical expressions, Monte Carlo simu-
lations are conducted and demonstrate a high level of
agreement with the theoretical analysis. The obtained
results offer useful insights into the efficient integra-
tion of RIS and antenna diversity for enhancing link
reliability under severe fading conditions.

Keywords

Reconfigurable Intelligent Surface, maximal ra-
tio combining, receive diversity, gamma approx-
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1. Introduction

The growing demand for ultra reliable and high capac-
ity wireless communication has motivated the devel-
opment of novel approaches that can reconfigure the
wireless propagation environment. Reconfigurable In-
telligent Surfaces (RIS), also referred to as Intelligent
Reflecting Surfaces (IRS), have emerged as a promis-
ing technology for future wireless systems such as 5G
and even beyond, including 6G networks [1–6]. By uti-
lizing large arrays of nearly passive reflecting elements,
RIS can actively control the propagation of electromag-
netic waves through adjustable phase shifts, enabling
both energy efficient and spectrum efficient smart ra-
dio environments. The deployment of RIS in various
communication architectures has attracted significant
research interest in recent years. For example, the in-
tegration of RIS with relay-assisted systems is investi-
gated in [7–10], while its application in non-orthogonal
multiple access (NOMA) scenarios is studied in [11–13],
with particular emphasis on RIS-enabled short packet
NOMA systems [14]. Furthermore, RIS-assisted satel-
lite communication networks have also been considered
as a key research direction [15–18]. In addition, the
performance evaluation of systems employing multiple
RISs has been presented in [19–21].
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However, most existing works are based on analyt-
ical approximations or simulation-based evaluations,
which provide limited insights into the fundamental
statistical characteristics of RIS assisted wireless chan-
nels [22, 23]. Deriving exact expressions for key per-
formance metrics such as the cumulative distribution
function (CDF), outage probability, and achievable
system capacity remains a significant challenge due
to the composite nature of signal fading introduced
by RIS. The adoption of generalized statistical fad-
ing models, including the Gamma, exponential, and
beta distributions, offers enhanced modeling flexibility
but introduces additional complexity to the analytical
framework [24,25].

In this work, we present a comprehensive analytical
performance evaluation of RIS assisted wireless com-
munication systems employing diversity techniques un-
der generalized fading conditions. A closed-form ex-
pression for CDF of the end-to-end signal to noise ratio
(SNR) is derived, which enables an accurate assessment
of the outage probability. The analytical results are
validated through extensive Monte Carlo simulations.
In addition, a detailed parameter sensitivity analysis
is carried out to provide practical design guidelines for
RIS based systems. The main contributions and nov-
elties of this work are summarized as follows:

• We consider a RIS-assisted wireless communica-
tion system over Rayleigh fading channels, where
the destination is equipped with K receive anten-
nas and employs maximal ratio combining (MRC)
for signal detection. Departing from the ideal
phase-shift assumption commonly used in exist-
ing studies, we incorporate practical phase errors
stemming from quantization to better reflect real-
world system behavior.

• A closed-form expression for the outage proba-
bility is derived by approximating the end-to-end
SNR distribution using the Gamma model, which
provides analytical tractability.

• The influence of key system parameters, includ-
ing the transmit power to noise ratio (PS/σ

2), the
number of receive antennas K, the number of RIS
elements, and the transmission rate R, on system
performance is thoroughly investigated.

• The accuracy of the derived analytical expressions
is confirmed by Monte Carlo simulations, which
show excellent agreement with the theoretical pre-
dictions.

• The developed framework offers valuable insights
into the diversity gains achievable through an-
tenna array configurations and intelligent signal
reflection in RIS assisted communication scenar-
ios.

The remainder of this paper is organized as follows.
Section 2. describes the system architecture and the
main assumptions adopted in the analysis. In Section
3. , the statistical behavior of the wireless channel
is characterized, and closed form expressions for the
outage probability and the diversity order are derived.
Section 4. presents numerical simulation results that
verify the analytical findings and provide further per-
formance insights. Finally, Section 5. concludes
the paper and discusses possible directions for future
research.

2. System Model

In this paper, we consider a wireless communication
system in which a source node S transmits data to a
destination node D, which is equipped with K receive
antennas, indexed by the set K = {1, 2, . . . ,K}. To en-
hance the system performance, RIS is deployed to as-
sist the communication process, as illustrated in Fig. 1.
The RIS consists of N passive reflecting elements, in-
dexed by the set N = {1, 2, . . . , N}, and is controlled
by a dedicated controller capable of dynamically ad-
justing the phase shift of each element to optimize the
signal combination at the receiver.

The entire system is assumed to operate in a sta-
tistically homogeneous environment, where all wireless
links experience independent Rayleigh fading. The re-
ceived signal at the k-th antenna of the destination
node comprises two components: the direct link from
the source (S → Dk) and the reflected link assisted by
the RIS (S → RIS → Dk). Hence, the overall received
signal can be expressed as follows:

Fig. 1: System model.

yDk
=
√

PSxS

(
hS,Dk

+ hT
RIS,Dk

ΦhS,RIS

)
+ zDk

, (1)
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where xS denotes the unit power information sym-
bol transmitted by the source node, PS is the transmit
power of the source, and zDk

represents the additive
white Gaussian noise (AWGN) at the k-th receive an-
tenna, with zero mean and variance σ2. The coeffi-
cients hS,Dk

, hS,RIS, and hRIS,Dk
represent the channel

coefficients from the source to Dk, from the source to
the RIS, and from the RIS to Dk, respectively.

The matrix Φ = diag(α1e
jθ1 , . . . , αNejθN ) denotes

the diagonal reflection coefficient matrix of the RIS,
where αn ∈ (0, 1] is the amplitude reflection coefficient
and θn ∈ [0, 2π) is the phase shift of the n-th element.
The notation e(·) = exp(·) represents the exponential
function, and (·)T denotes the transpose operation.

Based on (1), the instantaneous signal to noise ratio
(SNR) at the k-th receive antenna is given by

γDk
=

PS

∥∥hS,Dk
+ hT

RIS,Dk
ΦhS,RIS

∥∥2
σ2

, (2)

where ∥ · ∥ denotes the Euclidean norm.

In practical RIS implementations, perfect phase con-
trol at each element is often unattainable due to hard-
ware limitations, as discussed in [26,27], and the effects
of phase imperfections are further examined in [28,29].
In this work, we specifically consider the impact of
quantization resolution. Instead of applying an ideal
continuous phase shift, each RIS element can only pro-
duce discrete phase values, resulting in undesired phase
errors. It is assumed that the phase error Θn at the
n-th RIS element follows a uniform distribution over
the interval

[
−∆

2 ,
∆
2

]
, where ∆ = 2π

2q , and q denotes
the number of quantization bits.

The probability density function (PDF) of Θn is
given as follows:

fΘn(x) =

{
1
∆ , x ∈

[
−∆

2 ,
∆
2

]
,

0, otherwise. (3)

Assuming the ideal phase shift is θideal, the actual
phase applied at the RIS element is modeled as θn =
θideal −Θn.

3. Performance Analysis

This section presents a comprehensive analysis of the
system performance by applying MRC at the destina-
tion node. Under the MRC technique [30], the desti-
nation combines the received signals from all antennas
to maximize the instantaneous SNR. Mathematically,

the resulting SNR can be expressed as follows:

γMRC =

K∑
k=1

γDk
, (4)

where γDk
represents the instantaneous SNR observed

at the k-th antenna of the destination.

3.1. Outage Probability of the
System

Outage probability (OP) is a key metric for evaluat-
ing the performance of wireless communication sys-
tems [31, 32]. It quantifies the probability that the
instantaneous SNR falls below a predefined threshold,
resulting in a communication failure.

Mathematically, the outage probability corresponds
to CDF of the instantaneous SNR γ, and is given by:

Fγ(γth) = Pr (γ < γth)

= Pr

(
PS

σ2
∥Z∥2 < γth

)

= Pr

Z <

√
γthσ2

PS

 ,

(5)

where Z =
K∑

k=1

zk, and γth = 2R − 1 denotes the mini-

mum SNR required to support the target transmission
rate R.

3.2. Gamma Approximation Method

Since the exact expression of FZ(z) is analytically in-
tractable, we adopt the moment matching method to
approximate its distribution using the Gamma distri-
bution. The approximate CDF of Z is given by [6]:

FZ(z) ≈
γ(α, βz)

Γ(α)
, (6)

where γ(·, ·) is the lower incomplete Gamma function,
defined as:

γ(a, x) =

∫ x

0

ta−1e−t dt,

and Γ(a) is the complete Gamma function, given by:

Γ(a) =

∫ ∞

0

ta−1e−t dt.

The shape parameter α and the rate parameter β
are determined by matching the first and second order
moments of zk, as follows:

α =
(E{Z})2

Var{Z}
, β =

E{zk}
Var{zk}

, (7)

© 2025 ADVANCES IN ELECTRICAL AND ELECTRONIC ENGINEERING 229



Thien P. NGUYEN et al. VOLUME: 23 | NUMBER: 3 | 2025 | SEPTEMBER

where E{Z} denotes the expected value (mean) of Z,
and Var{Z} is its variance, representing the dispersion
of Z around the mean.

3.3. Maximal Ratio Combining
(MRC)

We assume that perfect channel state information
(CSI) is available at the destination for all relevant
links, including the direct source-to-destination chan-
nels (hS,Dk

) as well as the cascaded source-to-RIS
(hS,RIS) and RIS-to-destination (hRIS,Dk

) channels.
This enables the implementation of MRC and allows
for accurate coherent combining of signals. At the RIS,
only quantized phase adjustments are assumed to be
feasible, and the phase shifts θn are configured by an
external controller that relies on the CSI estimated at
the destination. Since the RIS operates passively, it
does not perform local channel estimation; instead, the
optimized phase configuration is fed back to the RIS
through a low-rate control link.

It is important to emphasize that this assumption
of perfect CSI at the destination represents an ideal-
ized benchmark. In practical deployments, CSI ac-
quisition may suffer from estimation errors, feedback
latency, and hardware impairments, which would in-
evitably degrade the achievable performance. Never-
theless, adopting perfect CSI in the analysis provides
a tractable framework for deriving closed-form expres-
sions and characterizing the theoretical upper bounds
of RIS-assisted MRC systems.

Lemma 1. The expected value of Z is given by:

E{Z} = K

(
σ

√
π

2

)
+K ×N ×

(
σ

√
π

2

)2

× sinc

(
∆

2

)
,

(8)

where the function sinc(x) denotes the normalized sinc
function, defined as:

sinc(x) =
sin(x)

x
, for x ̸= 0, sinc(0) = 1.

Proof. A detailed proof is provided in Appendix A.

Lemma 2. The variance of Z is expressed as follows:

Var{Z} = K

(
2σ2 −

(
σ

√
π

2

)2
)

+K ×N

×

(
4σ4 sinc (∆)−

(
σ

√
π

2

)4

sinc

(
∆

2

)2
)
.

(9)

Proof. A detailed proof is provided in Appendix A.

3.4. Random Antenna Selection
(Ran)

We now investigate the Random Antenna Selection
(Ran) scheme. Unlike selection combining or maxi-
mum ratio combining, the receiver does not rely on CSI
to determine the best antenna. Instead, one receive an-
tenna is randomly chosen from the total set of K avail-
able antennas, and this antenna remains fixed for the
corresponding transmission block. This scheme serves
as a baseline reference to evaluate the performance gain
of more sophisticated combining techniques.

The resulting received signal can be expressed as

Z = hS,Dk
+

N∑
n=1

hS,RIS exp (jθn)hRIS,Dk
,

with k ∈ {1, 2, . . . ,K}.

Lemma 3. The expected value of Z is given by:

E{Z} = σ

√
π

2
+N ×

(
σ

√
π

2

)2

× sinc

(
∆

2

)
. (10)

Proof. A detailed proof is provided in Appendix A.

Lemma 4. The variance of Z is expressed as follows:

Var{Z} =

(
2σ2 −

(
σ

√
π

2

)2
)

+N

×

(
4σ4 sinc(∆)−

(
σ

√
π

2

)4

sinc
(
∆
2

)2)
.

(11)

Proof. A detailed proof is provided in Appendix A.

4. Simulation Results

In this section, we perform Monte Carlo simulations
(denoted as Sim) to validate the accuracy of the
derived outage probability expressions (denoted as
Theo). The Monte Carlo method is widely used in
modern scientific research, enabling objective and ac-
curate assessment of system performance under various
conditions. Unless otherwise specified in the individ-
ual figures, the default simulation parameters are set
as follows: the number of reflecting elements at the
RIS is N = 4, data rate R = 1 bit/s/Hz, transmit
power to noise variance ratio PS

σ2 = 2 dBm, number of
receive antennas K = 4, phase quantization resolution
q = 3 bits, and the number of Monte Carlo trials is 106
iterations.

Figure 2 presents the OP as a function of the trans-
mit power-to-noise ratio, Ps/σ

2 (in dBm), for both
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MRC and Ran schemes. It is observed that the OP de-
creases monotonically with increasing Ps/σ

2, validat-
ing the expected performance gain at higher transmit
power levels. Specifically, the MRC scheme achieves
a significantly steeper decline in OP and approaches
nearly zero, thereby ensuring a high level of link reli-
ability. In contrast, the Ran scheme exhibits a slower
convergence, resulting in a noticeable performance gap
compared to MRC. Moreover, the theoretical curves
are in close agreement with the simulated counter-
parts, which demonstrates the accuracy of the ana-
lytical derivations. The minor discrepancy can be at-
tributed to approximation techniques in the theoreti-
cal analysis, such as the Gamma distribution fitting,
which introduce slight deviations from the simulation
outcomes.

Fig. 2: OP vs. the normalized transmit power.

Figure 3 shows the OP as a function of the number of
RIS elements, N , for both MRC and Ran schemes. It
is observed that the OP of the MRC scheme decreases
rapidly and approaches zero when N ≥ 4, indicating
that only a moderate number of reflecting elements are

Fig. 3: OP vs. number of elements.

Fig. 4: OP vs. the target transmission rate.

Fig. 5: OP vs. the Rayleigh fading standard deviation.

sufficient to achieve reliable performance. In contrast,
the Ran scheme requires a much larger number of el-
ements (N ≥ 20) to attain a comparable OP level,
reflecting its lower efficiency. Moreover, the theoret-
ical and simulation results are in close agreement for
both schemes, confirming the validity of the analytical
models. The evident performance gap highlights the
importance of optimal phase design in fully exploiting
the RIS-assisted system.

Figure 4 depicts the OP as a function of the tar-
get transmission rate, R (bps/Hz), for both MRC and
Ran schemes. As expected, the OP increases with R,
since higher data rates require stronger channel con-
ditions to maintain reliable communication. It is ob-
served that the MRC scheme provides a much lower
OP across the entire range of R, maintaining values
below 10−2 for moderate rates (e.g., R ≤ 0.8 bps/Hz).
In contrast, the Ran scheme suffers from a steep rise
in OP, approaching unity even at relatively low rates,
which indicates its inefficiency in supporting high spec-
tral efficiency. Furthermore, the excellent agreement
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between theoretical and simulated results validates the
accuracy of the analytical framework. Overall, these
results highlight the robustness of MRC in accommo-
dating higher transmission rates compared to Ran.

Finally, Figure 5 illustrates the variation of the OP
with respect to the Rayleigh fading standard devia-
tion σ for two different reception strategies: MRC and
Ran. It can be observed that as σ increases, the OP
of both schemes decreases, but with significantly dif-
ferent rates. Specifically, for MRC, the Theo and Sim
curves match closely, confirming the accuracy of the an-
alytical expressions and highlighting the superior per-
formance of MRC in exploiting diversity. In contrast,
the random selection scheme exhibits much worse per-
formance, as the outage probability remains relatively
high even at larger values of σ, indicating its inability
to leverage spatial diversity effectively. These results
emphasize that MRC is a much more efficient strategy
for enhancing system reliability under Rayleigh fading
conditions.

5. Conclusion

This study investigates the performance of a wireless
communication system assisted by reconfigurable intel-
ligent surfaces under practical conditions with phase
estimation errors, which are modeled using a uniform
distribution. A closed-form expression for the outage
probability is derived by approximating the signal-to-
noise ratio with a Gamma distribution. The analysis
is conducted in the context of a receiver equipped with
multiple antennas employing maximal-ratio combin-
ing over independent Rayleigh fading channels. Monte
Carlo simulations are provided to validate the theoret-
ical expressions, demonstrating a close match.

The results indicate that integrating RIS with an-
tenna diversity at the receiver is an effective approach
to enhancing link reliability, even in the presence of
phase mismatches. This work contributes a practi-
cal perspective for the implementation of RIS in next-
generation wireless communication systems.

Future work will extend this study by considering al-
ternative receive diversity techniques such as selection
combining, as well as investigating the channel capac-
ity of the system. Deriving a closed-form expression
for the channel capacity remains a significant challenge
and will be a focal point of subsequent research.
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Appendix A Proofs of Lemmas
1–4

For Rayleigh fading channels, the probability density
function (PDF) is given by f(x, σ) = x

σ2 exp
(
− x2

2σ2

)
,

for x ≥ 0, σ > 0 [33].
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E{X} =

∞∫
0

xf(x, σ) dx

=

∞∫
0

x · x

σ2
exp

(
− x2

2σ2

)
dx

=
1

σ2

∞∫
0

x2 exp

(
− x2

2σ2

)
dx

(12)

We apply integration by parts. Let

u = x, dv = x exp
(
− x2

2σ2

)
dx.

Then
du = dx, v = −σ2 exp

(
− x2

2σ2

)
.

Substituting back into equation (12), we have:

E{X} =
1

σ2

(
uv
∣∣∣∞
0

−
∫ ∞

0

v du

)
=

1

σ2

[
x

(
−σ2 exp

(
− x2

2σ2

)) ∣∣∣∞
0

+σ2

∫ ∞

0

exp

(
− x2

2σ2

)
dx

]
=

∫ ∞

0

exp

(
− x2

2σ2

)
dx

(13)

Let u = x√
2σ

⇒ du = 1√
2σ

dx, then:

E{X} =
√
2σ

∫ ∞

0

exp(−u2)du (14)

Using the Gaussian integral [34],∫ ∞

−∞
exp(−x2)dx =

√
π,

and noting that the function is symmetric, we find:∫ ∞

0

exp(−x2)dx =

√
π

2

Thus,

E{X} =
√
2σ ·

√
π

2
= σ

√
π

2
(15)

This is the expected value of a Rayleigh-distributed
random variable.

Next, assume that the phase error Θn follows a
uniform distribution over the interval

[
−∆

2 ,
∆
2

]
, with

∆ = 2π
2q , where q is the number of quantization bits.

The corresponding PDF is:

fΘn
(x) =

{
1
∆ , x ∈

[
−∆

2 ,
∆
2

]
0, otherwise

The expected value of the phase term is given by:

E {exp (−jΘn)} =

∫ ∆
2

−∆
2

exp(−jΘn) ·
1

∆
dΘn

=
−1

∆j

(
exp

(
−j

∆

2

)
− exp

(
j
∆

2

))
(16)

Using Euler’s identity:

exp(−jα)− exp(jα) = −2j sin(α)

with α = ∆
2 , we get:

E {exp (−jΘn)} =
2 sin

(
∆
2

)
∆

= sinc

(
∆

2

)
= sinc

( π

2q

)
(17)

Now consider a Rayleigh-distributed random vari-
able X, with PDF f(x;σ) = x

σ2 exp
(
− x2

2σ2

)
, x ≥ 0.

Its second moment is:

E{X2} =

∫ ∞

0

x2f(x;σ)dx =
1

σ2

∫ ∞

0

x3 exp

(
− x2

2σ2

)
dx

(18)

Let u = x2 ⇒ du = 2x dx, then:

E{X2} =
1

2σ2

∫ ∞

0

u exp
(
− u

2σ2

)
du (19)

Using t = u
2σ2 ⇒ du = 2σ2dt, we obtain:

E{X2} = 2σ2

∫ ∞

0

t exp(−t)dt (20)

Using integration by parts with u = t, dv =
exp(−t)dt, v = − exp(−t), we find:

E{X2} = 2σ2

[
uv
∣∣∞
0

−
∫ ∞

0

v du

]
= 2σ2(0 + 1) = 2σ2

(21)

Next, we evaluate E
{
exp (jθn)

2
}

≡

E
{
exp (−jΘn)

2
}

. While some previous works
assume this value equals 1, this assumption is physi-
cally inaccurate, as practical phase errors distort the
signal [35]. Thus, we take the real part to accurately
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capture the degradation due to phase errors:

E
{
exp (−jΘn)

2
}
= E {cos (2Θn)− j sin (2Θn)}

= E {cos (2Θn)} − j E {sin (2Θn)}

=

∆
2∫

−∆
2

cos (2Θn)
1

∆
dΘn

− j

∆
2∫

−∆
2

sin (2Θn)
1

∆
dΘn

=
1

∆

(
sin (2Θn)

2

∣∣∣∣∆2
−∆

2

+j

(
cos (2Θn)

2

∣∣∣∣∆2
−∆

2

))

=
1

∆

(
sin (∆)− sin (−∆)

2

+j

(
cos (∆)− cos (−∆)

2

))
=

1

∆

(
2 sin (∆)

2
+ j (0)

)
=

sin (∆)

∆
= sinc (∆)

(22)

From the above analytical results, we can formally
establish the four lemmas as follows:

• Lemmas 1 and 3 are obtained in a straightforward
manner by substituting the expectations given in
(15) and (17) into the definitions of Z.

• Lemmas 2 and 4, on the other hand, require com-
bining the statistical properties provided in (15),
(17), (21), and (22), which describe the first- and
second-order moments of the fading channels and
the phase shift errors of the RIS.

Specifically, for Lemma 1, we have

E{Z} = E

{
K∑

k=1

hS,Dk
+

K∑
k=1

N∑
n=1

hS,RIS exp(jθn)hRIS,Dk

}

= E

{
K∑

k=1

hS,Dk

}

+ E

{
K∑

k=1

N∑
n=1

hS,RIS exp(jθn)hRIS,Dk

}
,

(23)

where the first term corresponds to the direct transmis-
sion links, while the second term represents the average
contribution of the cascaded RIS-assisted links.

For Lemma 3, considering the case of a single desti-
nation, the expectation reduces to

E{Z} = E

{
hS,Dk

+

N∑
n=1

hS,RIS exp(jθn)hRIS,Dk

}

= E{hS,Dk
}+ E

{
N∑

n=1

hS,RIS exp(jθn)hRIS,Dk

}
.

(24)

This expression highlights the decomposition of the ex-
pectation into the direct link and the RIS-assisted re-
flection links.

Next, for Lemma 2, we characterize the variance of
Z as

Var{Z} = Var

{
K∑

k=1

hS,Dk
+

K∑
k=1

N∑
n=1

hS,RIS exp(jθn)hRIS,Dk

}

= Var

{
K∑

k=1

hS,Dk

}
+Var

{
K∑

k=1

N∑
n=1

hS,RIS exp(jθn)hRIS,Dk

}
= K

(
E{h2

S,Dk
} −

(
E{hS,Dk

}
)2)

+KN
(
E{(hS,RIS exp(jθn)hRIS,Dk

)2}

−
(
E{hS,RIS exp(jθn)hRIS,Dk

}
)2)

. (25)

The above decomposition clearly separates the vari-
ance due to direct links and that due to cascaded RIS-
assisted channels, scaled by the number of terminals K
and the number of reflecting elements N .

Finally, for Lemma 4, when considering only one des-
tination, we obtain

Var{Z} = Var

{
hS,Dk

+
N∑

n=1

hS,RIS exp(jθn)hRIS,Dk

}

= Var{hS,Dk
}+Var

{
N∑

n=1

hS,RIS exp(jθn)hRIS,Dk

}
=
(
E{h2

S,Dk
} −

(
E{hS,Dk

}
)2)

+N
(
E{(hS,RIS exp(jθn)hRIS,Dk

)2}

−
(
E{hS,RIS exp(jθn)hRIS,Dk

}
)2)

. (26)

It is important to emphasize that the required
expectations, namely E{hS,RIS}, E{hS,Dk

}, and
E{hRIS,Dk

}, are directly obtained from (15), whereas
E{h2

S,RIS}, E{h2
S,Dk

}, and E{h2
RIS,Dk

} are provided in
(21). Furthermore, the statistical characterization of
the phase noise, i.e., E{exp(jθn)} and E{exp(jθn)2}, is
given in (17) and (22), respectively. By incorporating
these relations, Lemma 2 is rigorously derived, while
Lemma 4 naturally follows by omitting the summation∑K

k=1. This completes the proof of Lemmas 1–4.
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